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Abstract:

Mapping of small area mortality (or incidence) risks is a widely used technique
in public health research. The standardized mortality ratio (SMR) is a common
direct index of disease mortality, but it might be very imprecise in areas or coun-
ties with low population. Then, the use of models that borrow information from
related (neighbouring) regions, smoothing the crude mortality risks, is inevitable.
In this work, we focus on comparing prediction error estimators used in Empir-
ical Bayes (EB) disease mapping with alternative proposals from the small area
estimation literature, to check if second order approximations are necessary in
the disease mapping framework. The well known Scottish lips cancer data is used
for illustrative purposes. A simulation study is also conducted.
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1 Introduction

Mapping disease or mortality risks is a useful technique to display the ge-
ographical variation of risks and to detect regions with extreme risk for
planning health policies and allocating resources. Raw or direct measures,
such as SMR, are not very reliable as they are usually highly variable in
low populated areas or when the number of observed counts is very small.
Then, disease mapping is a small area problem and models are essential
to produce reliable estimates by borrowing information from neighbouring
areas. There is a huge amount of research in small area estimation, but
disease mapping has been approached somehow different from other small
area applications because sampling is not involved. Typically, administra-
tive data on number of deaths and related auxiliary variables are used,
being the interest in the prediction of random effects instead of a mean
or a total. More precisely, the focus is on making predictions of the rela-
tive risks, and assessing the prediction error, which is of capital relevance
to build confidence intervals for the relative risks. Later, one may decide
whether the regions exhibit extreme risks. The estimation of the prediction
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errors is always a challenge in small area applications, and the difficulty
increases as the underlying models become more and more complex. Dis-
ease mapping usually involves generalized linear mixed models (GLMM)
requiring the prediction of random effects that are used to estimate rela-
tive risks. However, maximum likelihood estimation for GLMM with counts
or proportions usually requires numerical integration to calculate the log-
likelihood, and then, penalized-quasilikelihood (PQL), an approximation
technique using a Laplace approximation to the integrated mixed model
likelihood (see Breslow and Clayton, 1993), might be used instead. This
technique provides adequate point estimates for the model parameters un-
der spatially correlated data (Dean, Ugarte and Militino, 2004), but un-
derestimates the prediction error because it ignores the uncertainty coming
from the estimation of the variance components.

The main goal of this work is to compare prediction error estimators used
in Empirical Bayes disease mapping with alternative proposals from the
small area estimation literature, to check if second order approximations
are necessary in this framework. We assess the performance of the different
estimators in terms of relative bias and relative root mean squared error in
a simulation study.

2 The Spatial Model

Let us suppose that the area under study is divided into I contiguous
regions labelled ¢ = 1,...,I. Conditional on the random region effects r;,
the number of deaths in each area, C;, is assumed to be Poisson distributed
with mean u; = e;r; , where r; represents the unknown relative risks of
mortality from a rare disease, and e; are the expected number of deaths.
Then,

Ci|r; ~ Poisson(u; = e;ri), logu; =loge; + by,

where b; = a+u; = logr;. The random component u; models both intrinsic
Gaussian autoregression, representing local spatially structured variation
and the unstructured variation usually associated with covariates not in-
cluded in the model. Here u ~ N(0,D), where

D =c*(AQ + (1 - NI).

The matrix Q is determined by the neighbourhood structure with the ith
diagonal element equal to the number of neighbours of the ith region and
for i # j, Qi; = —1 if ¢ and j are neighbours and 0 otherwise; I is the
identity matrix and the parameter A determines the relative weight be-
tween the spatial and the unstructured variation. When A = 1, there is no
unstructured heterogeneity, and the random effect u; can be interpreted
conditionally given u_;, the set of spatially structured random regions ex-
cluding the ith. That is u;|u_; ~ N(ius,,02/5;), where s, is the mean of
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the random effects corresponding to regions in the neighbourhood of the
ith, and §; is the number of regions forming the neighbourhood. Here, a
neighbourhood consists of regions sharing a common boundary with a given
region.

3 Prediction Error

PQL provides adequate point estimates for the model parameters, but it un-
derestimates the variability of the random effects since it does not consider
the uncertainty arising from the estimation of the variance parameters.
More precisely,

var(b;|C) = E¢|c[var(b;|C, €)] + vare ¢ [E(b:i|C, €)], (1)

where ¢ = (a,02%,)), and the PQL variance estimate @(bﬂc,&) only

approximates the first term. Ainsworth and Dean (2005) use the following
first order variance estimator for the first and second terms in Equation (1)
@(b]C) = r(a) + (D - DZVZD) + (22w e)(L2)
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where V is the covariance matrix of the “working” vector used in the PQL
method, Z is the design random effect matrix associated to the normal
model in the PQL estimation process, and 1 is the prediction of the random
effects vector u. An alternative measure of uncertainty is the mean squared
error (MSE) given by

MSE[b;] = E[(b; — b;)?] = E[(b; — b;)*] + E[(b; — b3)?], (2)

where b; is the prediction of b; assuming that the variance parameters are
known and b; is the corresponding prediction when the variance parameters
are unknown. In this paper, different MSE estimators used in the small
area literature are considered. Petrucci and Salvati (2006) develop a MSE
estimator for spatially correlated data. They propose the following MSE
estimator .

MSE[bi] = g1(6°,A) + 92(6, ) + 293(67, N,

where the terms g1, g2 and g3 captures all sources of variability. In addition,
we also consider a bootstrap MSE estimator given by

B
S -
MSE [b;] = 7 Z(bz O b; (J))27 (3)
=1
(4)

where J is the number of bootstrap populations, B: is the prediction of

the ith random effect for the jth bootstrap population, and b:(j) is the cor-
responding true bootstrap random effect. Finally, we also consider a double
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bootstrap estimator proposed by Hall and Maiti (2006) by combining Es-
timator (3) with

K
e - 15 L Bk _ by
MSE " [b] = Jj; R ; )2 (4)

Here, b*U% and 57*U" are defined as b7 and 5;Y) but applying the
bootstrap twice.

4 TIllustration

The different prediction errors estimators will be applied to the well known
Scottish lips cancer data to build confidence intervals for the relative risks,
and then, to detect regions with extreme risks. In addition, a simulation
study is conducted to assess the performance of the different estimators in
terms of relative bias and relative root mean squared error, to check if there
is a significant gain in efficiency when using second order approximations.
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