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Abstract: This article proposes new kernel estimators of the intensity function
of spatial point processes taking into account position errors. The asymptotic
properties of these estimators are derived. A simulation study compares their
results to the results of the classical kernel estimator and shows that the edge-
corrected deconvoluting kernel estimator is the most appropriate.
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1 Introduction

In this paper, we propose new kernel estimators of the intensity function
of the spatial point processes which take into account the location errors
by a deconvolution method. For simplicity, we develop them in the case of
bidimensional point processes. Section 2 is an introduction to the perturbed
point processes. We then define the new estimator and discuss its properties
in Section 3. We present an asymptotic study in Section 4 and an adaptation
of an existing bandwidth selection procedure to this specific problem in
Section 5. The usefulness of the estimator is assessed by its application to
simulated data in Section 6.

2 Perturbed point processes

Consider a Poisson point process Y in R
2 with intensity function λY ().

We only observe the point pattern Z = {z1, · · · , zN} in the domain D ⊂ R
2

according to the model:

zi = yi + εi, (1)

where (yi : i = 1, · · · , N) are events issued from the process Y and (εi : i =
1, · · · , n) are i.i.d. with known isometric density function g(.) and represent
the location errors. We will also assume that the errors εi are independant
from the true locations yi. Our goal is to estimate the intensity function
λY (s) for every point s ∈ D.
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3 The deconvoluting kernel intensity estimators

Denote λZ(.) the intensity function of the perturbed process Z.
Based on the observations Z, the edge-corrected kernel estimator for λZ(.)
is (Diggle, 1985):
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where K(.) is a kernel function and ν represents the Lebesgue measure.
A deconvoluting estimator for λY (s) inspired by Stefanski & Carroll (1990)
’s density estimator is
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where K∗
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A way of adapting the estimator λ∗
Y,h to the limited domain context is to

define
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4 Asymptotic study

It is shown that, in this framework, none of the intensity estimators is
asymptotically unbiased.

5 The bandwidth selection procedure

We adapt the normal reference rule to the bidimensional case with noisy
observations.

6 A simulation study

The choice of the kernel is of secondary importance for the quality of our
estimator. Here, for practical purpose, we choose a bidimensional kernel
whose Fourier transform has compact support. The chosen kernel is a prod-
uct kernel K(x, y) = K0(x)K0(y), where

K0(t) =
48
π

t3 cos(t) − 6t2 sin(t) + 15 sin(t) − 15t cos(t)
t7

.
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TABLE 1. Gaussian error, σ=0.02

ISE ISE∗ ISE∗∗

1st quartile (∗103) 1.0600 1.6745 0.9038
median (∗103) 1.3939 1.9613 1.0279

3rd quartile (∗103) 1.5899 2.2432 1.3158

TABLE 2. Gaussian error, σ=0.05

ISE ISE∗ ISE∗∗

1st quartile (∗103) 0.8185 1.4153 0.6655
median (∗103) 1.2474 1.7199 0.9298

3rd quartile (∗103) 1.5281 1.8908 1.2138

An inhomogeneous Poisson process is simulated in [0, 1]2 enlarged by a
guard area with intensity

λY (s) = C
[
1 + 0.7 cos

(
2π(||s|| − 0.5)

)]
,

where C is a constant chosen such that the expected number of events
in [0, 1]2 is 100. This is done by an acceptation-rejection method (Gentle,
2002).
The location errors {εi, i = 1, · · · , n} are then simulated and added to the
simulated locations:

zi = yi + εi.

Only the observations zi in [0, 1]2 will be used to estimate the intensity.
From the simulated sample, we compute the estimates λ̂Z,hopt , λ∗

Y,h∗ and
λ∗∗

Y,h∗ , where hopt is the bandwidth obtained by the classical cross-validation
procedure (Silverman, 1986) and h∗ is the bandwidth obtained via the
procedure described in section 5.
Denote ISE =

∫
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This procedure is repeated m times and we compute the empirical quartiles
of ISE, ISE∗ and ISE∗∗. Tables 1, 2 and 3 give the results when ε

follows a Gaussian distribution with mean
(

0
0

)
and variance matrix

Σ =
(

σ2 0
0 σ2

)
, and the number m of realizations is equal to 10.

In each case, the estimator λ∗∗
Y,h∗ gives the best results. The results of the

estimator λ∗
Y,h∗ are not better, or even worse, than the ones obtained by

the classical Diggle estimator λ̂Z,hopt , suggesting that deconvolution and
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TABLE 3. Gaussian error, σ=0.1

ISE ISE∗ ISE∗∗

1st quartile (∗103) 0.7669 1.2194 0.7223
median (∗103) 0.8854 1.4123 0.8733

3rd quartile (∗103) 1.4305 1.6451 1.2544

edge-correction should both be considered when dealing with perturbed
locations in a bounded domain.
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